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ABSTRACT. In this article the discontinuous solutions of  Lame’s equations are 
constructed for the case of a conical defect. Under a defect one considers a part 
of a surface (mathematical cut on the surface) when passing through which 
function and its normal derivative have discontinuities of continuity of the first 
kind. A discontinuous solution of a certain differential equation in the partial 
derivatives is a solution that satisfies this equation throughout the region of 
determining an unknown function, with the exception of the defect points. To 
construct such a solution the method of integral transformations is used with a 
generalized scheme. Here this approach is applied to construct the 
discontinuous solution of Helmholtz’s equation for a conical defect. On the 
base of it the discontinuous solutions of Lame’s equations are derived for a 
case of steady state loading of a medium. 
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INTRODUCTION 
 
he urgency of the problem of elastic waves diffraction is due to the need to take into account the presence of 
heterogeneities during the development of new composite materials, geophysical and seismological studies. These 
processes take place under dynamic loads of different nature. In order to facilitate engineering design, preliminary 
calculations are required on the basis of appropriate mathematical models that provide an opportunity to analyze the effects 
of such dynamic stress concentrators as inclusions, cavities, cracks, holes, etc. 
On the other hand, the problems of elastic wave diffraction are one of the classical problems of the mechanics of deformable 
bodies. The construction of their analytical solutions, analysis of wave fields in the vicinity of t defects constitute a broad 
class of problems whose decompositions require the involvement of complex mathematical apparatus. 
The development of this mathematical apparatus has been carried out by many scientists [1-14]. One of the powerful 
methods for solving problems of wave diffraction on defects of various forms is the method of discontinuous solutions.  
This method was created by G. Ya. Popov [15]. He gave a definition of a discontinuous solution of the differential equation 
in partial derivatives, namely: a discontinuous solution of a certain differential equation in partial derivatives is such a solution 
that satisfies this equation throughout the region of determining an unknown function, with the exception of the defect 
points, in the transition through which an unknown function has discontinuities with jumps of the unknown function itself 
and its normal derivative. 
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The jumps of the function and its normal derivative are given by the conditions of the original problem, both are established 
under certain conditions of the problem solving. Under a defect one must understand a part of a surface (mathematical cut 
on the surface) when passing through which function and its normal derivative have discontinuities of continuity of the first 
kind. G.Ya. Popov proposed a method for constructing such solutions for defects and bodies, described in the orthogonal 
curvilinear coordinate systems. It is essential, corresponding to this method, to construct a discontinuous solution of a 
Helmholtz’s equation (or the Laplace equation in a static statement of a problem) and to further construct discontinuous 
solutions of the equations of motion (or equilibrium equations respectively). It is possible to realize this thanks to formulas 
connecting the wave potentials with the displacements and stress. In [15] the solutions of elasticity static problems were 
constructed for linear, circular, spherical and cylindrical defects. The method of discontinuous solutions was extended to 
the problem of wave diffraction in papers [16-18]. In [19] the method of discontinuous solutions is extended to the defect 
of an arbitrary form. 
The novelty of the proposed paper is in the construction of the discontinuous solutions of Lame’s equations for a conical 
defect in the case of a steady state loading. As a first stage of the solution deriving, a discontinuous solution of the Helmholtz 
equation for a case of a conical shape defect is constructed. The special scheme is proposed to find the unknown jumps of 
the displacements and stress. The derived formulae of Lame’s equations discontinuous solutions can be applied for the 
solving of the boundary problems of elasticity for the different types of the conical defects, such as a crack, a thin inclusion 
adherent with a medium, partially adherent inclusion etc. For the case of an axisymmetric problem for a conical defect all 
obtained formulae are substantially simplified.  
 
 
STATEMENT OF THE PROBLEM 
 
et’s consider an acoustic medium containing a conical defect whose surface is described in a spherical coordinate 
system by the correspondences: 
 
,0 ,a r b                                                                                          (1) 
 
The steady-state oscillations of the media are described by the Helmholtz equation 
 
      22 2' , , ' , , , , 0ir r r r rc                                                     (2) 
 
here    , , , , , i tr t r e      , c  is the wave’s speed in the acoustic medium. Here it was agreed to disregard the 
designation "tilda" over a letter and to introduce the following new notations
2 2
2
2
iq
c c
       , where    is the frequency 
of the incident wave,    2 2sin , ,, , sin sin
r
r
     
      , (here the point over the letter denotes a derivative with 
regard to a second variable).  
The aim is the deriving of the discontinuous solution of the Eqn. (2) for the defect (1) located in acoustic medium. 
 
 
DERIVING OF THE DISCONTINUOUS  SOLUTION IN THE TRANSFORMATION DOMAIN 
 
he integral Fourier transformation is applied to the equation with regard of variable   
 
   , , ,inn r e r d



   

                                                                               (3) 
 
In the transformation’s domain (3) the Eqn. (2) takes a form 
 
L
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      2 2 2' , ' , , 0n n n nr r r r q r                  22 2sin ,, sin sinnn n
rnr
   
             (4) 
 
A change of variables xr
q
  was done in the Eqn. (4). It was rewritten with the new variables in the following form 
 
2 2' , ' , , 0n n n n
x x xx x
q q q
                          
                                                 (5) 
 
The Kantorovich-Lebedev integral transformation with regard to variable x  is applied to the equality (5) 
 
   
0
,in n
K x x dx
qx

  
                                                                                    (6) 
 
In the transformations (6) domain the Eqn. (5) can be reformulated as 
 
   2 1 0
4n n n 
                                                                                     (7) 
 
There is no possibility to apply the integral Legendre transformation by the usual scheme to the Eqn. (7) because there are 
discontinuities of the function  n   and its derivative when   . The jumps have the following form 
 
0 0
, , , 0, , 0,
, , , ,
, ,
x x x
q q q
x x
q qx
q
   
     
   
   

   
                    
                  
                                 (8) 
 
The integral Legendre’s transformation is applied to the Eqn. (7) by the generalized scheme [15] 
 
   
0
cos sinnn k n kP d

                                                                                  (9) 
 
It leads to the linear algebraic equation in the transformations (3), (6), (9) domain 
 
          22 cos1 / 2 sin cos nn kn k n k n dPk P d    
     


          
 
 
We will accept the designation 
   cos cosn nk kdP dP
d d 
 
 
  in future. Here     
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 
 
 
0
, ,
, ,
n i in
n
x
qK x
e d dx
x x
q
  

    


 
                       
   
 
Finally, we derive the expression for the function’s transformation n k  through the transformations of its jump and the 
jump of its normal derivative 
 
        
 22
sin cos cos
1/ 2
n n
n k n k
n k
P P
t k
 

                                       (10) 
 
 
DERIVING THE FINAL FORMULA 
 
he inverse Legendre’s transformation is applied to (10) 
 
   cosnn kn k n k
k n
P   


                                                                               (11) 
 
where 
  
 
1/ 2 !
!kn
k k n
k n
     
 
Then the inverse Kantorovich-Lebedev transformation is applied to the obtained expression  
 
     
0
, in n
K xx sh d
q x

    
        
 
Bearing in mind that the expressions for the transformations of the wave potential jumps and its normal derivative have 
the following form 
 
 
 
 
0
,
,
n
n i
n
n
q K
d
q
 

     



                       
  
 
in the Fourier’s transformation domain, the wave potential has the following form 
 
    
   
   
22
0 0
, sin cos
1/ 2
cos , cos ,
n i i
n kn k
k n
n n
k n k n
sh K x Kx P
q xk
P P d d
q q
       
      



          
                
  
 
 
The integral in the last formula is known [ 2.16.52(11), 20] 
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     
 
1
2 2 12
0
( ) ( ),2( , ) , 1/ 2
2 ( ) ( ),1/ 2
i i
k
J q H xq xsh K x K iJ x d k
x J xq H q xk
  
 
         
          
  
 
The discontinuous solution can be simplified 
 
0
( , ; , ), sin ( , ( , ; , ) , ) , ,nn n n n
G xx G x d x rq q
q q q
            

                          (12) 
 
here    ( , ; , ) cos cos ( , )n nn kn k k k
k n
G x P P J x      

  . 
It was stated that the limit values of the wave potential near the branches of the defect (1) have the form 
 
0
1, 0 ,
2
( , ; , )sin ( , , ( , ; , ) ) , ,
0 0
n n
n
n n n
x x
q q
G x G x d x rq q
q q
 
              


             
               

 
              
 
These formulas are derived by the use of the known facts of potential theory such as a discontinuity of a double layer’s 
potential and normal derivative of plane layer potential. 
The application of inverse integral Fourier’s transformation to formula (12) completes the construction of discontinuous 
solution of Helmholtz’s equation. 
 
 
CONSTRUCTION OF THE DISCONTINUOUS SOLUTIONS OF LAME’S EQUATIONS 
 
ccordingly to the discontinuous solution method [15] to derive the discontinuous solutions of Lame’s equations, 
one must find the formulae expressing the jumps of the wave potentials and their derivatives through the jumps of 
the displacements and stress. The wave potential functions    , , , , , , 1, 2jr r j       satisfy the Helmholtz’s 
Eqns. (2) with the velocities 1 2,c c correspondently.  
Well known formulas in the Fourier’s transformation domain (3) are written in the form [11]: 
 
1
2( , ) ( , ) ( , )n n n nu r r r r       ,                                                                                                      
          
 1 12 1( , ) ( ( , ) ( ( , )) ) sin ( ) ( , )n n n nv r r r r r in r             ,     (13) 
           
1
2 1( , ) ( sin ) ( ( , ) ( ( , )) ) ( , )n n n nw r in r r r r r          , 
 
here ( , ) ( , ), ( , ) ( , ), ( , ) ( , )n n nr n n nU r u r U r v r U r w r         . The stress transformations are expressed through the 
displacements and hence through the wave potentials as well.  
To use the discontinuous solution of the Helmholtz’s Eqn. (2) derived earlier, the jumps’ transformations of the wave 
functions     , , , , 1, 2n jnr r j     should be expressed through the jumps of the stress and displacements. This 
procedure is enough complicated, so here its scheme is shown. 
One must use such equalities
22 2( , ) ( , ),n n c nr L r     1( , ) ( , ),n n c nr L r     2 2 2 2( )cL y r y r c    . With regard 
of these formulas, it is possible to express the jumps of the mechanical characteristic through the jumps of the wave 
potentials: 
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2
1
2( , ) ( , ) ( , )n n c nu r r r L r       
 
1 1
2 1( , ) ( ( , ) ( ( , ) ) ) sin ( , )n n n nv r r r r r in r                                                          
 
1
2 1( , ) ( sin ) ( ( , ) ( ( , ) ) ) ( , )n n n nw r in r r r r r               (14) 
 
2 1
*( , ) 2 ( ( , ) ( ( , ) ( , ) )),n n n nr G q r r v r u r           
 
1 1( , ) ( ( ( , ) ) ( , ) ),rn n nr G r r v r r u r        
 
( , ) ( ( , ) ( , ) cos ( , ) )n n n nr r G w r ctgw w r in ec v r         
 
In the formulae (14) the jump ( , )nv r   should be excluded. The volume expansion’s transformation  ( , )n r   is 
expressed through the displacements transformations to realize it. It is proved that the equality 2( , ) ( , )n nr q r    is true 
also. As a result, the jump ( , )nv r   is derived 
 
2 1 2 1( , ) ( , ) ( ( , ) ) ( , ) sin ( , )n n n n nv r rq r r r u r ctg v r in w r              
 
Hence, from the formula for the normal stress jump (14), the jump of the scalar wave potential is expressed only through 
the given jumps of the stress and displacements 
 
1 1 1 1
0 ( , ) (2 ) ( , ) ( , ) ( ( , ) ) ( sin ) ( , )n n n n nr G r r ctg v r r r u r in r w r                 
 
The formula is constructed for the jump 1 ( , )n r   where it is expressed through the jumps of the displacements and 
stress only 
 
2
1 1
1 ( , ) ( , ) 2 (sin ) ( , ) 2 ( , )c n n n nL r G r r in v r ctg w r           .                                    (15) 
 
As it seen this formula is the differential equation with regard of unknown jump 1 ( , )n r  .  To solve this equation a 
change of variable xr
q
  was done for Eqn. (15) and integral transformation (6) was applied to both part of the equation. 
The unknown jump was written in the transformation’ domain  
 
  
  11
2 0 0
1
0
( , ) ( , )1( ) ( ) 2 ( )1
4
( , )
2 (sin ) ( )
n
n
n i i
n
i
w rsGs K d ctg K d
v r
in K d

  

         
  
 


      
 
 

                   (16) 
 
The inverse integral Kantorovich-Lebedev transformation is applied to the obtained expression (16), and final solution is 
derived in the form 
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1 2 2
1 2
0
( , )
( , ) 2 ( , ) 2 (sin ) ( , ) ( , ) ,
n
n n n k
sr s s ctg w r in v r J rs s d s c
G

 
       

 
             
      (17) 
 
The jump of wave function 2 ( , )n r   is found by the analogical procedure   
 
2
0
( , ) ( ( , ) ( , ) ( , )n n n kr s r u r J rs s d     

                                                                      (18) 
 
The jumps of the wave functions derivatives are constructed using this scheme. For example, the expression for the 
derivative of wave potential jump 2 ( , )n r  has the form 
 
  12 1
0
( , ) ( ( , ) sin ( , ) )
r
n n nr r v in d                                                                        (19) 
 
As a result, all transformations of the wave functions and their derivatives jumps are expressed through the transformations 
of stress and displacements jumps. There are substituted to the corresponded formulae of the Helmholtz’s equation 
discontinuous solution and inversion of the integrals transformations is done. The following substitution of these formulae 
to the expressions (13) finalizes the deriving of the discontinuous solutions of Lame’s equations in a case of steady state 
oscillations for the defect (1). 
 
 
CONCLUSIONS 
 
1. The discontinuous solution of Helmholtz’s equation is derived for a conical defect. 
2. To construct the discontinuous solutions of Lame’s equations for a conical defect one must express the jumps of wave 
functions and their derivatives through the displacements and stress jumps. The substitution of these formulas to the 
discontinuous solution of Helmholtz’s equation leads to the discontinuous solutions of the Lame’s equations. 
3. In the case when a defect is a crack, the jumps of the stress are equal to zero, when a defect is a thin shell adherent to 
a medium the jumps of the displacements are equal to zero. So, the derived formulae can be used for the different types 
of the conical defects situated in a medium. 
4. The derived formulae will be significantly simplified when the axisymmetrical problem is solved. In this case parameter 
n  should be equal to zero in all final expressions. 
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